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Ḿıry ǩrivosti hladkých oblast́ı

X ⊂ R
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◮ Totálńı ḿıry ǩrivosti:

Ck(X ) := const

∫

∂X

∑

1≤i1<···<id−1−k

κi1(x) . . . κid−1−k
(x)

︸ ︷︷ ︸

sd−1−k(x)

Hd−1(dx)
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◮ Lokálńı verze - ḿıry ǩrivosti:

Ck(X , ·) :=

∫

∂X∩·

. . .
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vol(K ⊕ rB) =
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k=0
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kCd−k(K )
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Konvexńı tělesa

K ⊂ R
d konvexńı, neprázdná, kompaktńı

1. Steiner̊uv vzorec:

vol(K ⊕ rB) =
d∑

k=0

ωk r
kCd−k(K )

2. “Quermassintegrals”:

Ck(K ) = const

∫

G(d ,k)
volk(pLK ) dL
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Množiny kladného dosahu (Federer, 1959)

reachX ≥ r > 0
def
⇐⇒ ∀z , dist(z ,X ) ≤ r =⇒ ∃!x ∈ X :

‖x − z‖ = dist(z ,X ).
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Množiny kladného dosahu (Federer, 1959)

reachX ≥ r > 0
def
⇐⇒ ∀z , dist(z ,X ) ≤ r =⇒ ∃!x ∈ X :

‖x − z‖ = dist(z ,X ).

◮ reachX > 0 =⇒ ḿıry ǩrivosti Ck(X , ·) mohou být zavedeny
pomoćı lokálńıho Steinerova vzorce (0 < r < reachX )

◮ nebo jako integrály lokálńıch ǩrivost́ı (Zähle, 1986):

◮ norX := {(x , u) : x ∈ ∂X , u ∈ Nor (X , x) = Tan (X , x)o} -
normálový svazek

◮ κ1(x , u), κd−1(x , u) ∈ [− reachX ,∞] - (zobecněné) hlavńı
ǩrivosti v (x , u) ∈ norX

Ck(X ) := const

∫

norX

∑

1≤i1<···<id−1−k

κi1(x , u) . . . κid−1−k
(x , u)

√

1 + κ1(x , u)2 . . .
√

1 + κd−1(

Hd−1(d(x , u))
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“lokálńı” forma
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◮ Lokálně konečná sjednoceńı množin kladného dosahu (Zähle,
R., 1986, 2002)
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Daľśı zobecněńı

Co chceme:

- aditivita (Ck(X ∪ Y ) + Ck(X ∩ Y ) = Ck(X ) + Ck(Y ))

- Gauss-Bonnet̊uv vzorec (C0(X ) = χ(X )), X kompaktńı;
“lokálńı” forma

- kinematické vzorce

◮ Lokálně konečná sjednoceńı množin kladného dosahu (Zähle,
R., 1986, 2002)

◮ Subanalytické množiny (Fu, 1994)

◮ o-minimálńı systémy (Bröcker, Bernig, 2000)

◮ speciálńı množiny s lip. hranićı (Zähle, R. 2003)

◮ množiny s DC hranićı, WDC množiny (Pokorný, R., 2014)
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Základńı kinematický vzorec

∫

Gd

Ck(X ∩ gY ) dg =
∑

p+q=d+k

γd ,p,qCp(X )Cq(Y )
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∑
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Croftonův vzorec:
∫

A(d ,j)
Ck(X ∩ E ) dE = γd ,j ,kCd+k−j(X )

(lokálńı verze)
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Základńı kinematický vzorec

∫

Gd

Ck(X ∩ gY ) dg =
∑

p+q=d+k

γd ,p,qCp(X )Cq(Y )

Croftonův vzorec:
∫

A(d ,j)
Ck(X ∩ E ) dE = γd ,j ,kCd+k−j(X )

(lokálńı verze)

◮ Blaschke, Chern, Santaló (hladká konvexńı tělesa)

◮ Federer (1959, PR množiny)

◮ “general” form (Fu, 2000)

◮ WDC množiny (Fu, Pokorný, R., 2017)
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Translativńı kinematické vzorce

∫

Rd

Ck(X ∩ (Y + z)) dz =
∑

p+q=d+k

Cp,q(X ,Y )
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Translativńı kinematické vzorce

∫

Rd

Ck(X ∩ (Y + z)) dz =
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◮ Schneider, Weil (1986, konvexńı tělesa)
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Translativńı kinematické vzorce

∫

Rd

Ck(X ∩ (Y + z)) dz =
∑

p+q=d+k

Cp,q(X ,Y )

◮ Schneider, Weil (1986, konvexńı tělesa)

◮ R., Zähle (1995, PR množiny)

◮ iterované vzorce (Weil, R.)

◮ translativńı Croftonův vzorec (R., 1997)
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Rotačńı kinematické vzorce

∫

G(d ,j)
Ck(X ∩ L) dL =

∫

norX

Qd ,k,j(X ; x , u)Hd−1(d(x , u))

◮ Jensen, R., 2008

◮ Auneau, Jensen, R., 2012

◮

∫

SOd
Ck(X ∩ ρY ) dρ - Auneau
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Vlajkové ḿıry

F (d , k) := {(u,U) : u ∈ Sd−1, u ⊥ U ∈ G (d , d − 1− k)}
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Ωk(X , ·) - ḿıra na F (d , k) (marginálńı ḿıra na Sd−1 je “area
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∫
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Vlajkové ḿıry

F (d , k) := {(u,U) : u ∈ Sd−1, u ⊥ U ∈ G (d , d − 1− k)}

Ωk(X , ·) - ḿıra na F (d , k) (marginálńı ḿıra na Sd−1 je “area
measure” Sk(X , ·))

Cp,q(X ,Y ) =

∫

F (d ,p)×F (d ,q)
φ d(Ωp(X , ·)⊗ Ωq(Y , ·))

V (K1, p1; . . . ,Kk , pk) =

∫

Φ d(Ωp1(K1, ·)⊗ Ωpk (Kk , ·))

(Hug, Weil, R., 2013, 2017)
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Náhodné mě̌ritelné množiny (RAMS)

Ξ : (Ω,Σ,Pr) → M
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Ξ : (Ω,Σ,Pr) → M

◮ M - prostor leb. mě̌r. podmnožin R
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Náhodné mě̌ritelné množiny (RAMS)

Ξ : (Ω,Σ,Pr) → M

◮ M - prostor leb. mě̌r. podmnožin R
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Náhodné mě̌ritelné množiny (RAMS)

Ξ : (Ω,Σ,Pr) → M

◮ M - prostor leb. mě̌r. podmnožin R
d

◮ topologie daná vnǒreńım do Lloc1

◮ zobrazeńı A 7→ per(A,U) mě̌ritelné na M pro každou
otev̌renou množinu U

◮ pro Ξ stacionárńı lze definovat specifický perimetr per(Ξ)

◮ v p̌ŕıpadě konečného specifického perimetru lze definovat
směrové rozděleńı na hranici R∗(A, ·)
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Náhodné množiny s konečným perimetrem

per(A) < ∞, Q ⊂ R
d konečná:
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Náhodné množiny s konečným perimetrem

per(A) < ∞, Q ⊂ R
d konečná:

lim
r→0+

vol(A⊕ rQ)− vol(A)

r
=

∫

h(Q, v) S∗
d−1(A, dv)
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Náhodné množiny s konečným perimetrem

per(A) < ∞, Q ⊂ R
d konečná:

lim
r→0+

vol(A⊕ rQ)− vol(A)

r
=

∫

h(Q, v) S∗
d−1(A, dv)

Ξ náhodná množina s konečným perimetrem, HQ(r) - kontaktńı
distribučńı funkce
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Náhodné množiny s konečným perimetrem

per(A) < ∞, Q ⊂ R
d konečná:

lim
r→0+

vol(A⊕ rQ)− vol(A)

r
=

∫

h(Q, v) S∗
d−1(A, dv)

Ξ náhodná množina s konečným perimetrem, HQ(r) - kontaktńı
distribučńı funkce

(1− p̄)H ′
Q(0+) = per(Ξ)

∫

h(−Q, v)R∗(A, dv)

(Kiderlen, R. 2017)
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