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MULTIVARIATE NONPARAMETRIC STATISTICS

Nonparametric statistics:

• Inference without assumptions.
• On the real line using the ordering — median, quantiles, ranks...
• What are ranks or quantiles for multivariate (non-Euclidean) data?
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STATISTICAL DEPTH

Statistical depth function: Ordering data in multivariate spaces.
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Introduced in 1975 (Tukey); studied intensively since the 1990s.
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STATISTICAL DEPTH FUNCTION

For P
(
Rd) Borel probability measures on Rd, a depth is

D : Rd × P
(
Rd
)
→ [0, 1] : (x,P) 7→ D(x,P).
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PRINCIPAL GOAL: DISTRIBUTION-CHARACTERIZING DEPTHS

Find a depth that:

C1 characterizes probability distributions uniquely,
C2 is highly (e.g., affine) equivariant,
C3 induces robust medians, and
C4 is fast to compute.

Impact: A universal framework of multivariate nonparametrics.

å Data exploration/statistical estimation and testing/visualisation
free of parametric assumptions for complex datasets.
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HALFSPACE DEPTH

Halfspace depth (Tukey, 1975) of a point x ∈ Rd w.r.t. P ∈ P
(
Rd)

D(x;P) = inf
H∈H(x)

P (H) .
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HALFSPACE DEPTH

D (x;Pn) = min
# of observations in a halfspace that contains x

n
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APPLICATION: BAGPLOT

Bagplot: A multivariate boxplot (Rousseeuw et al., 1999)
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DEPTH: LEVEL SETS

D(·;P) is always quasi-concave, i.e. for each δ ∈ [0, 1]

Pδ =
{
x ∈ Rd : D(x;P) ≥ δ

}
is convex
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DEPTH: LEVEL SETS

We can write (Rousseeuw and Struyf, 1999; Zuo and Serfling, 2000)

Pδ =
{
x ∈ Rd : D(x;P) ≥ δ

}
=
∩

{H ∈ H : P(H) > 1− δ} .
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DEPTH: ASYMPTOTIC NORMALITY

Let Pn ∈ P
(
Rd

)
be the empirical measure of n i.i.d. variables from P.

√
n (D(x;Pn)− D(x;P)) is asymptotically normal

⇐⇒ the contour of D(·;P) is smooth at x
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NONPARAMETRICS OUTSIDE STATISTICS: HALFSPACE DEPTH

Halfspace
depth

(Statistics)

Floating
bodies
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geometry)
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(Convex
analysis)

k-sets
(Discrete
math.) Radon
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(Integral
geometry)

(Outer)
billiard
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(Dynamical
systems)
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OPEN PROBLEMS

Some open problems on the halfspace depth

Smoothness: When are halfspace depth contours smooth?
Reconstruction: How to reconstruct P from its depth?
Computation: How fast can the depth, or its median, be computed?
Non-standard data: Can depths be used also in non-Rd spaces?
Testing/Inference: Depth-based testing procedures?

https://gems.karlin.mff.cuni.cz/pdf/Depth_problems_update.pdf
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SIMPLICIAL DEPTH

Simplicial depth (Liu, 1988) of x ∈ Rd w.r.t. P ∈ P
(
Rd) is

SD(x;P) = P (x ∈ 4(X1, . . . , Xd+1)) .
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HOW TO COMPUTE SIMPLICIAL DEPTH?

Simplicial depth (Liu, 1988) of x =
(
x1
x2

)
∈ R2 w.r.t. P ∈ P

(
R2) is

SD(x;P) = P
((

x1
x2

)
∈ 4

((
X1,1
X1,2

)
,

(
X2,1
X2,2

)
,

(
X3,1
X3,2

)))

=

∫∫ ∫∫ ∫∫
I [x ∈ 4] dP(x1,1, x1,2) dP(x2,1, x2,2) dP(x3,1, x3,2).

• d× (d+ 1) integrals in Rd.
• Impossible to calculate already for Gaussian distributions in R2.
• How does the population SD(·;P) even look like?
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COMPUTING SIMPLICIAL DEPTH EXACTLY

We want to compute the simplicial depth in R2 exactly:

SD(x;P) = P (x ∈ 4(X1, X2, X3)) .

pSU

SL

x∗1

x∗2
x∗3z

−x∗1
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SIMPLICIAL DEPTH OF A SQUARE
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SIMPLICIAL DEPTH OF A TRIANGLE
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SIMPLICIAL DEPTH OF POLYGONS
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(UNDERGRADUATE) STUDENT COLLABORATION
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MORE STUDENT COLLABORATION
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FOREIGN COLLABORATION AND TRAVEL

(Several) long-term collaborators of GeMS:

ULB, Belgium: Germain van Bever;
Télécom Paris, France: Pavlo Mozharovskyi;
Aalto, Finland: Pauliina Ilmonen;
Uni. of Cologne, Germany: Rainer Dyckerhoff;
Uni. Toulouse, France: Frédéric Ferraty;
Uni. of Bristol, UK: George Wynne;
Uni. of Turku, Finland: Joni Virta;
Northeastern Uni., Boston, US: Sara López-Pintado;
Uni. of Lazio, Italy: Giovanni Porzio;
Uni. Málaga, Spain: Antonio Elías.
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JUNIOR POSITIONS IN GEMS

Research team positions:

• Postdoc 1: Gauthier Louis Thurin (Bordeaux)

Gilberto Chavez-Martínez (Montreal)
• Postdoc 2: Gaëtan Louvet (Brussels)

Manuel Hernández-Banadik (Montevideo)
• PhD students 1 and 2: Filip Bočinec, Erik Mendroš
• PhD student 3: (starting from October 2025 or later)

Interested? Ask.
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GeMS: Geometric Methods in Statistics
GeMS.karlin.mff.cuni.cz

Mathematical Forum, K1, December 4 (Wednesday), 15:40
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