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MULTIVARIATE NONPARAMETRIC STATISTICS

Nonparametric statistics:

e Inference without assumptions.
e On the real line using the ordering — median, quantiles, ranks...

e What are ranks or quantiles for multivariate (non-Euclidean) data?




STATISTICAL DEPTH

Statistical depth function: Ordering data in multivariate spaces.

Introduced in 1975 (Tukey); studied intensively since the 1990s.



STATISTICAL DEPTH FUNCTION

For P (RY) Borel probability measures on RY a depth is

D:RIx P <R“> —[0,1]: (x, P) = D(, P).
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PRINCIPAL GOAL: DISTRIBUTION-CHARACTERIZING DEPTHS

Find a depth that:

C1 characterizes probability distributions uniquely,

@)

C2 is highly (e.g., affine) equivariant,
C3 induces robust medians, and

C4 is fast to compute.

Impact: A universal framework of multivariate nonparametrics.

w Data exploration/statistical estimation and testing/visualisation
free of parametric assumptions for complex datasets.



HALFSPACE DEPTH

Halfspace depth (Tukey, 1975) of a point x € R? w.rt. P € P (RY)

D(x; P) = Helan(x) P(H).
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HALFSPACE DEPTH

# of observations in a halfspace that contains x

D (x; Pn) = min p
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APPLICATION: BAGPLOT

Bagplot: A multivariate boxplot (Rousseeuw et al, 1999)
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DEPTH: LEVEL SETS

D(-; P) is always quasi-concave, i.e. for each ¢ € [0, 1]

Ps — {x € RY: D(x; P) > 6} is convex
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DEPTH: LEVEL SETS

We can write (Rousseeuw and Struyf, 1999; Zuo and Serfling, 2000)

PJ:{XGRd:D(X;P)zé}:ﬂ{HeH:P(H)>176}.
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DEPTH: ASYMPTOTIC NORMALITY

LetP, e P (Rd) be the empirical measure of n i.i.d. variables from P.
Vn (D(x; Py) — D(x; P)) is asymptotically normal
<= the contour of D(:;P) is at x
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NONPARAMETRICS OUTSIDE STATISTICS: HALFSPACE DEPTH

Floating
bodies
Measures (Affine
of geometry)
symmetry
(Convex
analysis) (Outer)
Halfspace billiard
depth problems
(Statistics) (Dynamical
systems)
R-sets
(Discrete
math.) Radon
transforms
(Integral
geometry)
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OPEN PROBLEMS

Some open pro s on the halfspace depth

When are halfspace depth contours smooth?
How to reconstruct P from its depth?
How fast can the depth, or its median, be computed?
Can depths be used also in non-R? spaces?
Depth-based testing procedures?

GeMS PROJECT: SOME OPEN PROBLEMS

STANISLAV NAGY

Basic definitions and notation. Let P (Rd) be the set of all probability measures on RY.
For P € P (R?) and z € RY, the halfspace (Tukey) depth [7] of z with respect to (w.r.t.) P is
defined as

hD(xz; P)= inf P(9).

D)= i T

https://gems.karlin.mff.cuni.cz/pdf/Depth_problems_update.pdf
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SIMPLICIAL DEPTH

Simplicial depth (Liy, 1988) of x € R? w.rt. P € P (RY) is

SD(x;P) =P (x € A, ., Xgs1)) -
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HOwW TO COMPUTE SIMPLICIAL DEPTH?

Simplicial depth (Liu, 1988) of x = <X1> eR?wrt. Pe P (R?) is

X2

SD(x; P)—P<< )eA((ﬁl) (;(;) (ﬁ;)))
//////H[XEA]dP(X11>X12)dP(qu,X22)dP(X31,x32)

e d x (d+1)integrals in RY.
e Impossible to calculate already for Gaussian distributions in R?.

e How does the population SD(+; P) even look like?
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COMPUTING SIMPLICIAL DEPTH EXACTLY

We want to compute the simplicial depth in R? exactly:

SD(X; P) = P(X & A(X1,X27X3)).
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SIMPLICIAL DEPTH OF A SQUARE

05~
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SIMPLICIAL DEPTH OF A TRIANGLE
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SIMPLICIAL DEPTH OF POLYGONS
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(UN DERG RADUATE) STUDENT COLLABORATION

Journal of Multivariate Analysis
Volume 205, January 2025, 105375

Explicit bivariate simplicial depth

Erik Mendrog, Stanislav Nagy & &

Statistics & Probability Letters

Volume 209, June 2024, 110094

Conditions for equality in Anderson’s
theorem

Filip BoZinec, Stanislav Nagy & &
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MORE STUDENT COLLABORATION

JOURNAL OF COMPUTATIONAL AND GRAPHICAL STATISTICS
2024,VOL 33,NO. 2,699-713
https://doi.org/10.1080/10618600.2023.2257781

Taylor & Francis

Toylo & rancis Group

) Chook for updates

On Exact Computation of Tukey Depth Central Regions

Vit Fojtik?, Petra Laketa®, Pavlo Mozharovskyi®, and Stanislav Nagy*

*Faculty of Mathematics and Physics, Charles University, Prague, Czech Republic; °LTC), Telecom Paris, Institut Polytechnique de Paris, Paris, France

The ISI's Joumal
for the Rapid Dissemination
of Statistics Research

ORIGINAL ARTICLE =~ & Full Access

A note on the convergence of lift zonoids of measures
Frantisek Hendrych, Stanislav Nagy ¥«

First published: 09 January 2022 | https://doi.org/10.1002/sta4.453
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FOREIGN COLLABORATION AND TRAVEL

(Several) long-term collaborators of GeMS:

10 uLs, Belgium: Germain van Bever;
B B Télécom Paris, France: Pavlo Mozharovskyi:
= Aalto, Finland: Pauliina Ilmonen;

Uni. of Cologne, Germany: Rainer Dyckerhoff;
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Uni. Toulouse, France: Frédéric Ferraty;
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Uni. of Bristol, UK: George Wynne;

Uni. of Turku, Finland: Joni Virta;

Northeastern Uni., Boston, US: Sara Lopez-Pintado;
Uni. of Lazio, Italy: Giovanni Porzio;

F =+

Uni. Malaga, Spain: Antonio Elias.
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JUNIOR POSITIONS IN GEMS

Research team positions:

e Postdoc 1: Gauthier Louis Thurin (8ordeaux) 1
Gilberto Chavez-Martinez (Montreal) Il
e Postdoc 2: Gaétan Louvet (Brussels) Il
Manuel HernaﬂdeZ-Baﬂadlk(Montevideo) =
e PhD students 1 and 2: Filip BoCinec, Erik Mendros Kl

e PhD student 3: (starting from October 2025 or later)

Interested? Ask.
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